Abstract. Spectral properties of some integro-differential operators on R 1 are studied. Characterization of the principal eigenvalue is obtained in terms of the positive eigenfunction. These results are used to prove local and global stability of travelling waves and to find their speed.
Introduction
In this paper we shall study some spectral properties of the linear integro-differential operator
acting from the Banach space E = C 2 0 (R) into the Banach space F = C 0 (R). Here C 0 (R) denotes the space of continuous functions from R into itself that tend to zero at x = ±∞ while E is the space of functions u of class C 2 such that u, u and u belong to F . The functions x → a(x) and x → b(x) are supposed to be bounded and continuous with the limits a
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The spectrum of the operator L consists of its essential part and of eigenvalues. Here and in the sequel, the essential spectrum is understood as the Fredholm spectrum, namely the set of complex λ for which the operator L − λ does not satisfy the Fredholm property.
On the one hand, the location of the essential spectrum is an important point when dealing with some nonlinear problems. Indeed, most of the tools of nonlinear analysis, such as the implicit function theorem, bifurcation analysis or topological degree, are based on the Fredholm property and on the related to it classical solvability conditions. Coming back to operator, the location of its essential spectrum is related to the so-called limiting operators
which are obtained from the operator L if we replace the coefficients a(x) and b(x) by their limits at infinity. The notion of limiting operators is well known in the context of elliptic operators. They were introduced for elliptic problems in general unbounded domains in [19] where the assumption that the coefficient have limits at infinity or that the domain has a special structure were not employed. In the particular situation considered in this work, the definition of the limiting operator is simple and rather explicit. The relationship between the limiting operators and the Fredholm spectrum was elucidated in [2, 3] . It was shown that the operators L ± determine the set of λ ∈ C such that the operator L − λ is normally solvable, which is equivalent to the closeness of its image with a finite dimensional kernel. Under some additional conditions, the codimension of the image is also finite, leading to the Fredholm property. Hence we know the structure of the essential spectrum σ ess (L) of operator L.
On the other hand, similarly to elliptic operators in unbounded domains (see [20] ), the spectrum of the operator L lies in some left-half plane. The Fredholm property ensures that the set of eigenvalues cannot have accumulation points in some finite part of the complex plane outside of the essential spectrum. Therefore, for any σ 0 > sup Re σ ess (L), there exists only a finite number of eigenvalues of the operator L in the half-plane Re λ ≥ σ 0 . Such a distribution of the eigenvalues of the operator L allows us to define the principal eigenvalue, that is the eigenvalue with the maximal real part. It plays an important role in the analysis of stability of solutions of nonlinear problems. In the case of scalar second order elliptic problems in bounded domains, the Krein-Rutman type theorems affirm that the principal eigenvalue is real, simple and the corresponding eigenfunction is positive. These results use the cone preserving property as well as the compactness of the inverse Laplace operator. The situation becomes more complex when dealing with unbounded domains because of the lack of compactness for the resolvent of the Laplace operator. However, this PerronFrobenius like property of the principal eigenvalue remains valid (we refer to [17] ).
The aim of this work is to study the properties of the principal eigenvalue of the integrodifferential operator L when functions a(x) and φ(x) are non-negative. Then the corresponding evolution equations satisfy the maximum and comparison principles. They will allow us to prove that the principal eigenvalue of the operator is characterized by positiveness of the corresponding eigenfunction. This is the main result of the work (see Theorem 8) . Note that such a property does not hold true without the conditions on the functions a and φ. Indeed, otherwise nonmonotone waves may exist and be numerically stable (see for instance [1, 4, 9, 11] ) signifying that the eigenfunction corresponding to the principal eigenvalue, which is the first derivative of the wave, is not positive.
These spectral properties have strong implications in nonlinear analysis and more particularly when looking at the stability of monotone travelling wave for some nonlocal parabolic problem of the form
wherein we have set
and where f = f (u, v) is some regular map. This kind of equations arises in many applications (see for instance [6, 14, 15] and the references cited therein). Let us recall that a travelling wave for (1.2) is particular solution of the form u(x, t) = w(x−ct) where c ∈ R is the wave speed, so that w is a stationary solution of the problem
The linear stability of w is related to the spectral properties of operator L with
If we assume that the map f : R 2 → R is of the class C 1 and satisfies
we obtain, as a consequence of the spectral theory developed in this work, that the wave solution w is globally stability with shift in a scale of weighted spaces depending on the asymptotic behaviour at x = ±∞ of the initial data as well as on the location of the essential spectrum of operator L. This kind of result is well known for reaction-diffusion equations (see [18] and the references therein). A result concerning the stability of waves for (1.2) was proved by Chen in [5] by using upper and lower-solution method, also well known for the scalar reaction-diffusion equations (see [7] ). The advantage of the spectral method is that it provides a more precise stability result depending on the properties of the initial data. It also provides a minimax representation of the wave speed. One may also notice that this method applies in the multidimensional situation and has rather simple extension to systems of equations. This point will be the aim of a forthcoming work. Let us mention that these results may also apply to reaction-diffusion equations with delay. The paper is organized as follow. In Section 2 we prove some comparison results. Section 3 investigates the location of the spectrum of operator L. Section 4 derives some consequences for the local stability of waves for problem (1.2) while Section 5 provides global stability result and the minimax representation of the wave speed. Finally Section 6 gives some examples of application in the context of population dynamics and chemical kinetics.
Positiveness and comparison theorems 2.1. Existence of solutions
Consider the equation involving a scalar function u = u(x, t), x ∈ R, t ≥ 0
together with the initial condition
Here the function f is of class
where herefater κ denotes some positive constant. The term J(v) acts on a bounded function v = v(y), y ∈ R and is defined by the convolution product
where φ(x) is a given integrable function. We first investigate the existence of solutions of this problem. 
Proof. Let us denote by
Clearly w ∈ L ∞ (R) and let F denote the mapping v → w.
Lemma 2. The mapping F is Lipschitz continuous on the bounded sets of L
Next let S(t) denote the semi-group associated to the heat equation. It is well known that the following estimate holds : Stability of Waves for a Nonlocal Reaction-Diffusion Equation
By looking for fixed points of the operator given by the right hand-side of (2.5) in the space L
with T > 0, we easily conclude that such a fixed point exists first for sufficiently small T and then for all T > 0. This provides the existence and uniqueness result in Theorem 1. 
Then the following limits
also exist and satisfy the equation
Proof. It consists in taking the limits x → ±∞ in the iterative procedure in the proof of Theorem 1. For example we have
The details are left to the reader.
Maximum and comparison principle
This section is devoted to some comparison results for (2.1)-(2.2) as well as for some corresponding linear equations. Let us introduce the operator
where c ∈ R is given. In addition to (2.3) we will assume that 
Then we have u(x, t) ≤ v(x, t) for any x ∈ R and t ∈ [0, T ].
In order to prove this comparison result, we first investigate some associated linear equation. For that purpose we are given T > 0 and three functions a ≡ a(
We consider the operator
We will assume that
The functions a, b and c are continuous and bounded on
Then the following positiveness result holds:
Furthermore the following alternative holds :
Proof. Let us consider the function
defined for x ∈ R and 0 ≤ t ≤ T where ν is some positive constant to be specified later. Obviously, we have :
Therefore the following inequality holds It follows easily from (2.13) and (2.14) that the function v satisfies the differential inequalitȳ
We claim that we can choose ν sufficiently large so that
Indeed, in view of the estimate 
denotes the supremum of the t * > 0 having this property. If t
) is positive and vanishes at some point x 0 . Due to (2.18) we have
This inequality contradicts (2.19). Hence t
Thanks to (2.18), we conclude that
Since > 0 is arbitrary the positivity of w yields the one of v by taking the limit → 0. By (2.14), the positivity of u follows readily.
Finally note that u satisfies the differential inequality
together with u(x, 0) ≥ 0. Hence classical properties of parabolic operators yield the alternative in Theorem 5 whose proof is now complete.
We now aim to complete the proof of Theorem 4.
Proof of Theorem 4. The function w
for some bounded functions a and b and a(x, t) ≥ 0 due to (2.9). Therefore Theorem 5 applies and provides the positivity of w.
Next let us investigate the maximum principle for some corresponding elliptic operator. In order to state our result, let us introduce two functions a ≡ a(x), b ≡ b(x), a real number c ∈ R and the one-dimensional elliptic operator
Besides (2.8) let us also assume that the functions a and b are continuous and bounded on R,
Then we have the following elliptic comparison result:
Then we have u ≥ 0 on R.
Proof. Let us assume that there exists x 0 ∈ R with |x 0 | > N such that u(x 0 ) < 0. In view of (2.23), one may assume that the function u realizes its minimum value at x 0 . Then, for any y ∈ R,
On the other hand we have
This contradicts Lu(x 0 ) ≤ 0. Thus u(x) ≥ 0 for any x ∈ R and the result follows.
Proof. Let us first note that since u ≥ 0 and a ≥ 0 one has a(x)φ * u(x) ≥ 0, ∀x ∈ R. Hence the inequality Lu ≤ 0 implies that
and the result follows from classical properties of elliptic operators.
Spectral properties
The aim of this section is to study some spectral properties of a linear elliptic operator with a nonlocal term. The operator reads
and it is considered as acting from the Banach space E = C 2 0 (R) into the Banach space F = C 0 (R). Here C 0 (R) denotes the space of continuous functions from R into itself that tend to zero at x = ±∞ while E is the space of functions u of class C 2 such that u, u and u belong to F . Here c ∈ R is some given constant while a and b are functions from R into itself satisfying a and b are continuous and bounded on R, the following limits a
In this section we shall assume that the operator L has the zero eigenvalue associated with a positive eigenvector u 0 and we shall show a Perron-Frobenius like result for L. The precise result is the following: We start by deriving some asymptotic properties of the eigenvector u 0 (x) as x → ±∞. For that purpose let us introduce the so-called limiting operators defined by
where the coefficients a(x) and b(x) have been replaced by their limits at ±∞. The maps x → exp(−α ± x) are solutions of the equations L ± u = 0 provided that
The existence of such solutions will be guaranteed by the following lemma :
Lemma 10. Under assumption (3.3) , let δ and γ be two given real numbers with
Then the equations
have respectively a unique solution α
Proof. We shall only consider the equation
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In view of (3. We can now state the following result on u 0 .
Lemma 11. Under assumptions (3.2)-(3.3), let ε
satisfying the equations
Moreover we have lim 9) and for each ε ∈ (0, ε 0 ) there exists m ε > 0 such that
Proof. Note that the existence of ε 0 > 0 follows from (3.2). For ε ∈ (0, ε 0 ), we have (a
Let L ε be the operator defined by
Next, Lemma 10 provides the existence of a unique number α
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Now since u 0 (x) is a positive function, there exists ν > 0 such that
We aim to show that
Let us consider the function w(
Let us check that the left hand-side of this inequality is strictly positive at x = x 0 . This contradiction will prove (3.12). Indeed, the last expression in the left-hand side is strictly positive. It remains to verify that L εŵ (x 0 ) ≥ 0. This follows from
Here the last inequality holds true since φ ≥ 0 andŵ(x) ≥ 0 for x > N ε − N . Thus, (3.12) is proved and yields the first inequality in (3.10). The second one can be proved similarly.
There remains to check that α
In view of (3.6), the family α + ε is bounded. Let β ≥ 0 be the limit of some converging subsequence α + ε n . Taking the limit n → ∞ in (3.11) we conclude that β ≥ 0 satisfies the equation Next we aim to investigate the location as well as some geometrical properties of the essential spectrum of L under suitable transformation in some exponential weighted spaces. For that purpose, let us recall that some bounded linear operator A : E → F is said to be normally solvable (or a semi-Fredholm operator) if it has a finite dimensional kernel and a closed range. A linear operator A satisfies the Fredholm property if it is normally solvable and has a finite codimensional space. Then we can introduce the two following sets, the semi-Fredholm spectrum and the Fredholm spectrum: From this lemma we can derive the following useful characterization :
Then we have the following link between the semi-Fredholm spectrum and the Fredholm spectrum:
Lemma 14. The following holds:
The proof of this lemma can be found in Theorem 3.2 [2] and in [3] . We will investigate the operator L as acting in some exponential weighted spaces. We consider two regular functions θ 1 , θ 2 : R → R such that
(3.14)
and the weighted function, for each τ ∈ R : 
Next we introduce the operator L τ : E → F defined by
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The explicit form of L τ reads
The essential spectrum of operator L τ can easily be computed.
Lemma 15. For each τ ∈ R, the essential spectrum of the operator L τ is given by
In particular recalling (3.4), we have
We shall now prove some suitable geometrical continuation property for the essential spectrum.
Proposition 16. Under assumptions (3.2)-(3.3), the following properties hold true:
(ii) For each λ ∈ {z ∈ C :
Remark 17. For each λ ∈ {z ∈ C : z ≥ 0} let the number τ (λ) ≥ 0 be defined by
continuous from C into L(E, F ) while the set of Fredholm operators is an open subset of L(E, F ).

Stability of Waves for a Nonlocal Reaction-Diffusion Equation
From a geometrical point of view, (i) and (ii) in Proposition 16 (for τ = 0) means that the essential spectrum of the operator L is in the left half plane. When it is shifted according to the parameter τ , that corresponds to increase the weighted function at infinity, the first imaginary point of the essential spectrum that is reached is the origin and it is obtained for τ = 1. It follows from (3.19) that λ = 0 belongs to the essential spectrum when τ = 1.
In order to explain this result, let us consider the following example. If the function φ in the definition of the operator L is the Dirac δ-function, then the integral disappears and we obtain a second order ordinary differential operator. Its essential spectrum is given by the parabolas λ ± (ξ) = Φ ± (ξ, 0). Assume that they are in the left-half plane of the complex plane. We move these curves to the right while their vertices come to the origin. In this case we obtain the curves λ
. Then, the above result follows from the convexity of the essential spectrum for "local" operators.
The proof of Proposition 16 follows from Lemma 15 together with the following result:
Lemma 18. Under assumptions (3.2)-(3.3), the following properties hold true:
Proof. Coming back to relations (3.18), for any τ ≥ 0 and ξ ∈ R we have 20) wherein the maps h ± are defined by
According to the proof of Lemma 10, the maps h 
Since the other term in (3.20) is negative, we conclude that
22)
Stability of Waves for a Nonlocal Reaction-Diffusion Equation that completes the proof of (i).
Let us now derive (ii). Let λ ∈ {z ∈ C : z ≥ 0, z = 0} be given. By the above inequality we have Φ
This yields (ii) if λ > 0.
Let us now assume that λ = iµ 0 for some given µ 0 ∈ R \ {0}. We claim that the equation 
The proof of this result relies on a fundamental result for Fredholm operators [10] :
Lemma 20. Let E and F be two Banach spaces. Let O be a domain in C and H : O → L(E, F ) be an holomorphic map. Let G be a connected component of the set {τ ∈ O : H(τ ) is a Fredholm operator}. Then the index κ(H(τ )) is constant on G while the quantities dim ker H(τ ) and codim ker H(τ ) are also constant on G except for some possible isolated points τ where they have greater values.
Proof. We first extend the definition of the operator L τ for τ ∈ C by (3.17) . Note that for any
Then this operator can be extended into series power (converging for the topology of L(E, F )) with respect to τ ∈ C by
In view of Proposition 16 (ii) and Remark 17, there exists τ > 1 such that [0, τ ] is a subset of some connected component G of {τ ∈ C : (L τ − λ) is a Fredholm operator}. Lemma 20 yields that the quantity dim ker L τ is constant on G except for some possible isolated points τ where it takes a greater value. Let us check that such points can not exist. Indeed arguing by contradiction assume that τ 0 ∈ G is such an isolated point withm = dim ker H(τ 0 ) ≥ 1. For δ > 0 small enough we have τ 0 − δ ∈ G and
(3.24)
Let v 1 ,..., vm in E be linearly independent solutions of the equation H(τ 0 )u = 0. Then the func- 
Proof. We will only prove that Let us introduce the function v :
that satisfies the parabolic equation
Then we introduce the set
This set is not empty since 0 ∈ A. Furthermore it is bounded since due to (3.26) for sufficiently large γ, we have γu
we can deduce from the definition of γ 0 that there exists x 1 ∈ R such that
Indeed in view of Lemma 21, we have |u
. Thus a straightforward contradiction argument readily yields (3.28).
We now consider the map w :
Theorem 5 provides that w(
Let us check that w cannot have these properties. We first consider the case µ > 0. Then in view of definitions (3.29) and (3.27) we have
. This implies µ = 0, whence a contradiction.
We now assume µ = 0 and κ > 0. Then for any t > 0 we have w(
Therefore the operator L has no eigenvalue with non-negative real part except the zero eigenvalue.
It remains to prove that zero is a simple eigenvalue (here simple is understood in the sense of the dimension of its generalized eigenspace). We first show that ker L = span u 0 . Indeed let us consider the equation
Let us consider γ ∈ R, the infimum value of γ ∈ R such that u + γu 0 ≥ 0 on [−N, N ]. Then the function w = u + γu 0 satisfies the equation
Therefore, thanks to Lemmas 6 and 7, we obtain that w ≥ 0 on R and either w > 0 on R or w ≡ 0. We conclude this section by giving a corollary of Theorem 8. For any τ ≥ 0 we consider the Banach spaces
and the operator L τ v = Lv, where L is defined in (3.1) . The operator L is acting from E τ into F τ . Then we have the following result:
Corollary 22. Let assumptions (3.2)-(3.3) hold. Let us assume that there exists τ ∈ [0, 1) and
Then zero is a simple eigenvalue of the operator L τ : E τ → F τ while the remainder of its spectrum is strictly contained in the left half plane.
Proof. Let us first notice that L τ : E τ → F τ and L τ are related to each other through (3.16) . Hence the resolvent sets of these two operators coincide as well as the complementary of their essential spectrum. Due to Proposition 16, since τ ∈ [0, 1), the essential spectrum of L τ : E τ → F τ is strictly contained in the left half plane. Moreover it is easily checked that any eigenvalue of the operator L τ is also an eigenvalue of the operator L. Therefore Theorem 8 applies and this completes the proof of the result.
Linear stability of travelling wave solutions
The aim of this section is to study the local stability of monotonic wave solution of problem (2.1).
For that purpose we shall assume that (3.3) holds, that the function f is of class C 
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It is easily seen that such a travelling wave solution (w 0 , c) satisfies
Our aim is to investigate the local stability with shift of such a wave solution. We do not address the problem of existence of such a solution. This problem has been investigated for instance in [2, 3, 6] . The stability result is related to some spectral properties of the linearized operator around the wave solution w 0 , that reads
Let us also set
Let us assume that the following assumptions hold: In view of definitions (4.4) and (4.5), one can notice that the last inequality in (4.6) re-writes as a
Before stating our main result, let us introduce some notations and definitions. Let us first recall that due to Assumption (4.6) operator L defined in (3.1) satisfies Assumption (3.2). Therefore one may define the quantities α ± > 0 by using (3.19) as well as the map ω τ in (3.15) for any τ ∈ C.
Together with these notations, let us introduce the Banach space X = C b (R, R), the space of bounded and continuous map from R into R. Moreover, for any τ ∈ R we consider the weighted space C τ defined by
We shall also consider the space
The space X is endowed with the usual supremum norm denoted by ∞ while the spaces C τ and C 2 τ are endowed with the weighted norms
(4.10)
Then we have the following definition (see [18] ) 
exists for all t > 0, is unique and satisfies that
where h ∈ R depends on u 0 , M > 0 and b > 0 are independent of t > 0, u 0 and h.
We are now able to state our main result:
Theorem 24. Let Assumptions (4.6) and (4.7) be satisfied. Let us assume that w 0 ∈ C τ for some τ ∈ [0, 1). Then (w 0 , c) is asymptotically stable with shift with respect to the space (C τ , τ ).
If we recall definition (4.8), we obtain that
Therefore Theorem 24 re-writes as follows with τ = 0.
Corollary 25. Let Assumptions (4.6) and (4.7) be satisfied. Let us assume that
Then (w 0 , c) is asymptotically stable with shift with respect to the space (C 0 , 0 ).
The proof of this result relies on the application of a general result that will be exposed in the next subsection, while the proof of Theorem 24 will be given in Section 4.2.
A general stability result
In this section, for the sake of completeness, we recall a general result concerning stability of a one dimensional manifold of equilibria for an abstract Cauchy problem. For that purpose let us consider a Banach space (X, ), a linear operator A : D(A) ⊂ X → X and a continuous map h : X → X. Then we can consider the following Cauchy problem
(4.11)
Then let us assume that the corresponding stationary equation
has a one-parameter family of solutions ϕ α ∈ D(A) for any α ∈ I where I is some bounded interval, I ⊂ R. The aim of this section is to recall some local stability result for these family of equilibria with respect to small perturbations in some Banach space. For that purpose we introduce (Y, ) a Banach space such that Y ⊂ X. Then let us introduce some assumptions upon the family of equilibria {ϕ α } α∈I as well as upon A and h in (4.11).
• Assumption (H1)
-(a) The map α ∈ I → ϕ α ∈ X is differentiable and ϕ α ∈ Y for any α ∈ I.
• Assumption (H2) 
• Assumption (H3)
is the generator of an analytic semigroup on Y . It follows from Assumption (H2) (b) that the operator L :
is also the generator of an analytic semigroup on Y . while all the remainder of the spectrum is contained in a closed angle lying in the left complex half plane. This condition re-writes as there exists a 1 > 0 and
Then we have the following result: The proof of this result can be found in the monograph of Volpert et al [18] .
Proof of Theorem 24
Let us consider the linear operator A :
as well as the map h : X → X defined by
We also denote ϕ α = w 0 (. + α) ∈ X for any α ∈ R. Let us introduce τ ∈ [0, 1) such that w 0 ∈ C τ and let us set Y = C τ endowed with the norm τ . Then since w 0 ∈ C τ and φ is compactly supported, we can easily check that α → ϕ α satisfies Assumption (H1) while the map h : X → X satisfies Assumption (H2). It remains to check the operator A satisfies Assumption (H3). To do that, let us first introduce the operator A Y defined by 
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Proof. Let us first notice that C 2 τ is dense in (C τ ,  τ ) . The proof of this result is similar to the one given in the proof of Lemma 2.1 Chapter 5 in [18] . To complete the proof we shall show that L is a sectorial operator on C τ (see for instance [13, 16] for details about sectorial operators and their links together with analytic semigroups). To do that let us introduce the operator
Note that T is a bounded linear operator that is invertible and such that T maps C 
T, ∀λ ∈ ρ(A Y ).
To complete the proof it remains to show that A is a sectorial operator on C 0 . To do so let us recall that the operator ∆ : C 2 0 → C 0 defined by ∆ϕ = ϕ is a sectorial operator on C 0 (see for instance [12] [16] we get that A = ∆ + B is a sectorial operator and the result follows.
It remains to give some information about the location of the spectrum of the operator L : C 2 τ → C τ defined in (4.3). Now since problem (4.2) is invariant with respect to translation, the map w 0 ∈ C τ ⊂ C 0 is an eigenvalue of operator L associated to the eigenvalue zero. Moreover since w 0 is supposed to be monotonic, we have w 0 > 0. Now due to Assumption (4.6), Corollary 22 applies and shows that zero corresponds to the principle eigenvalue of the operator L and it is simple. Moreover, as explained in the proof of Corollary 22, its essential spectrum coincides with the one of operator L τ (see definition (3.17) .) Now due to Assumption (4.6), Proposition 16 applies. Since τ ∈ [0, 1) it provides that σ ess ( L) ⊂ {z ∈ C : z < 0}. Due to the parabolic asymptotic shape of the curves Φ Therefore λ + ρ / ∈ σ N S ( L) and λ / ∈ σ ess ( L). In addition, outside of this angle there is only a finite number of eigenvalues. Thus there exists an angle strictly contained in the left half plane containing the whole spectrum of L except zero which is a simple eigenvalue. This prove that Assumption (H3) holds true and complete the proof of Theorem 24 by applying Theorem 26.
Additional results and minimax representation of the wave speed
The aim of this section is to give some additional results that are a consequence of Theorem 24 as well as the comparison principle given in Theorem 4. The details of the proofs will be omitted. They directly follow the same steps as the one of Theorem 6.1 p. 250 and Theorem 7.1 page 255 in [18] . Next one can derive some minimax formula for the wave speed. To do so let us introduce for each τ ∈ R, the set K τ defined by 
